ABSTRACT. Weak relatively uniform convergences (wru-convergences, for short) in lattice ordered groups have been investigated in previous authors' papers. In the present article, the analogous notion for MV-algebras is studied. The system s(A) of all wru-convergences on an MV-algebra A is considered; this system is partially ordered in a natural way. Assuming that the MV-algebra A is divisible, we prove that s(A) is a Brouwerian lattice and that there exists an isomorphism of s(A) into the system s(G) of all wru-convergences on the lattice ordered group G corresponding to the MV-algebra A. Under the assumption that the MV-algebra A is archimedean and divisible, we investigate atoms and dual atoms in the system s(A). A different standpoint is applied in [5] ; here, there are studied archimedean lattice ordered groups with a fixed regulator.
The notion of relatively uniform convergence (ru-convergence, for short) has been studied in archimedean vector lattices (cf. [17] , [21] ) and later in archimedean lattice ordered groups (cf. [2] , [8] , [9] , [16] , [18] ). The notion of a regulator of a convergent sequence is essential in this theory. (For definitions, cf. Section 1 below.) Distinct convergent sequences have, in general, distinct regulators. Each positive element of the structure under consideration can serve as a regulator.
A different standpoint is applied in [5] ; here, there are studied archimedean lattice ordered groups with a fixed regulator.
The notion of ru-convergence in archimedean lattice ordered groups was generalized in [7] in two directions. First, the lattice ordered group G under consideration was assumed to be abelian (this is a weaker condition than the assumption of the archimedean property). Secondly, it was assumed that the regulators form a set M = ∅ of archimedean elements of G such that M is closed with respect to the operation + . This type of convergence was called a weak relatively uniform convergence (wru-convergence, for short) generated by the set M of regulators and it was denoted by β(M ). The system s(G) of all wru-convergences on G is partially ordered in a natural way. In [7] there is proved that s(G) is a Brouwerian lattice.
Let A be an M V -algebra. In view of the well-known result of Mundici [19] , there exists an abelian lattice ordered group G with a strong unit u such that, under the notation as in [4] , we have A = Γ(G, u).
In [3] , there is introduced the notion of an M V -convergence as a convergence on an M V -algebra which makes the M V -operations continuous. In an analogical way, a convergence on a unital lattice ordered group (G, u), called lu-convergence, is defined. Connections between M V -convergences on the M V -algebra A and lu-convergences on the unital lattice ordered group (G, u) are dealt with, where A = Γ(G, u) (cf. also Section 3 below).
A will be said to be archimedean if G is archimedean. In [4] , a different terminology for M V -algebras is applied: instead of "archimedean" the term "semisimple" is used. A is archimedean if and only if A is semisimple (cf. [10] ).
In [6] , the notion of convergence with a fixed regulator on an archimedean M V -algebra A has been introduced and studied. In the definition of this type of convergence on A, the operations of the lattice ordered group G have been used.
The present paper can be considered as a sequel to the article [6] . First, a new definition of convergence with a fixed regulator on an M V -algebra A is given. In this definition, merely the operations in A are applied and the archimedean property of A is not assumed to be valid. The definition used in the present paper is equivalent with that from [6] in the case when the M V -algebra A is archimedean.
Our main interest consists in studying the notion of wru-convergences on an M V -algebra A; the definition is analogous as in the case of lattice ordered groups (in this definition, merely the operations from A are used). After deducing the basic properties of wru-convergences on A, we consider the system s(A) of all wru-convergences on A; this system is partially ordered in an analogous way to s(G). We prove that s(A) is a Brouwerian lattice and that there exists an isomorphism of s(A) into s(G). Under the assumption that the M V -algebra A is archimedean and divisible, we investigate atoms and dual atoms of the lattice s(A).
wru-convergence in abelian lattice ordered groups
The standard terminology and notation for lattice ordered groups will be used (cf., e.g. [1] , [11] ). All lattice ordered groups dealt with in the present paper are assumed to be abelian.
Let G be a lattice ordered group. In this section, we recall the notions of b-uniform convergence, wru-convergence and some relevant results.
An element 0 ≤ b ∈ G is called archimedean if for each 0 < x ∈ G there exists n ∈ N such that nx b. If each element 0 ≤ b ∈ G is archimedean then G is said to be archimedean. The set of all archimedean elements of G will be denoted by A(G).
Ò Ø ÓÒ 1.2º (cf. [7] ) Let (x n ) be a sequence in G, x ∈ G and b ∈ A(G).
The element b is referred to as a regulator of convergence.
In the whole section, M is assumed to be a nonvoid subset of A(G) closed with respect to the addition.
Ò Ø ÓÒ 1.3º (cf. [7] ) Let (x n ) be a sequence in G and x ∈ G. We say that
We denote this type of convergence as wru-convergence on G with the set M of regulators, or shortly, as β(M )-convergence.
If G is archimedean and if M = G + , then β(M )-convergence coincides with ru-convergence (for definition of ru-convergence cf. [2] , [18] , [20] ).
If the role of G is to be emphasized, then we write β(G, M ) instead of β(M ). Next, we will apply the basic properties of β(M )-convergence presented in [7] . The symbol S(G) will denote the system of all nonempty subsets of A(G) closed with respect to the addition and s(G) will be the system of all convergences β(M ) where M runs over the system S(G).
Then s(G) turns out to be a partially ordered set.
When dealing with sequences in G, sometimes it is useful to consider a set ∅ = M ⊆ A(G) which needs not be closed under the addition. This is a motivation to introduce the following definition.
Ò Ø ÓÒ 1.4º (cf. [7] ) Let M be a nonempty subset of A(G), (x n ) a sequence in G and x ∈ G. We say that the sequence (
In 1.5-1.8 we assume that G is a divisible lattice ordered group. 
wru-convergence in MV -algebras
An M V -algebra is a system A = (A, ⊕, * , ¬, 0, 1) where A is a nonempty set, ⊕, * are binary operations, ¬ is a unary operation and 0, 1 are nulary operations on A satisfying the conditions (m 1 )-(m 9 ) from [12] . For M V -algebras, a formally different but equivalent system of axioms has been applied in [4] .
Then (A, ∨, ∧) is a distributive lattice with the least element 0 and the greatest element 1.
Let A be a nonempty subset of A closed under the operations ⊕, * ,
An isomorphism of M V -algebras is defined in a usual way. The following two theorems are due to Mundici [19] .
Ì ÓÖ Ñ 2.2º Let G be an abelian lattice ordered group with a strong unit u.
If A is as in 2.2, we will write A = Γ(G, u). In what follows, unless otherwise stated, we assume that A = Γ(G, u). Definition 1.2 of b-uniform convergence in lattice ordered groups has been applied in [6] to archimedean M V -algebras assuming that (x n ) is a sequence in A, x ∈ A and b ∈ A. However, such a definition was not given in M V -algebra operations; in fact, we used the operations concerning the lattice ordered group G (cf. Theorem 2.3).
Ì ÓÖ Ñ 2.3º Let
In the present paper, we introduce a new definition of b-uniform convergence in A using merely the M V -algebra operations. Further, we prove that if (x n ) is a sequence in A, x ∈ A and b ∈ A, then the following conditions are equivalent:
and as usual, we write
Recall that for a 1 , a 2 , . . . , a n ∈ A, the relation
Let (x n ) be a sequence in G, x n ≥ 0 for each n ∈ N , and b ∈ A(G). Apparently, x n b → β 0 if and only if for each k ∈ N there exists n 0 ∈ N such that kx n ≤ b − x n whenever n ∈ N , n ≥ n 0 . This is a motivation to define the notion of b-uniform convergence in A as follows.
Ò Ø ÓÒ 2.5º Let (a n ) be a sequence in A and b ∈ A(A). We say that the sequence (a n ) b-uniformly converges to 0 in A, in symbols a n b
Therefore, if (a n ) is a sequence in A and a ∈ A, then |a n − a| ∈ A for each n ∈ N . Ò Ø ÓÒ 2.6º Let (a n ) be a sequence in A, a ∈ A and b ∈ A(A). We say that the sequence (a n ) b-uniformly converges to a and we write a n
Let (a n ) and a be as in 2.6. Then the elements p n = a n ∨ a and q n = a n ∧ a belong to A for each n ∈ N . We get q n ≤ p n and |a n − a| = p n − q n . Thus, we can express the elements |a n − a| and b − a n by using Lemma 2.4. We conclude that the Definition 2.6 of b-uniform convergence in A is given in terms of the M V -algebra operations.
Let (a n ) and b be as in 2.5. If a n b → α 0, then for each k ∈ N there exists n 0 ∈ N such that k · a n ≤ b for each n ∈ N , n ≥ n 0 . The converse does not hold in general.
Example 2.7. Let G be the set of all convergent sequences of reals. If the operation + and the relation ≤ are performed componentwise, G turns out to be an abelian lattice ordered group and the constant sequence u = (1, 1, . . . ) is a strong unit of G. Consider the M V -algebra A = Γ(G, u) and the sequence (a n ) in A defined as follows: a n = (t 1 , t 2 , t 3 , . . . ) such that t i = 0 if i ≤ n and t i = 1 otherwise. Let b = (0, 1, 1, . . . ). For each k ∈ N and each n ∈ N , we have k · a n = ka n ∧ u = a n , so k · a n ≤ b and
Hence, k · a n b − a n , so, a n b α 0.
Ì ÓÖ Ñ 2.8º Let (a n ) be a sequence in A and b ∈ A(A). Then the following conditions are equivalent:
(ii) =⇒ (i): Suppose that a n b → α 0. We first prove that for each k ∈ N , there is n 0 ∈ N such that the relation k · a n = ka n (1) holds for each n ∈ N , n ≥ n 0 .
We proceed by induction. Apparently, the relation (1) is valid for k = 1. Assume that (1) holds for some k ∈ N . In view of (ii), there exists n 0 ∈ N such that k · a n ≤ b − a n for each n ∈ N , n ≥ n 0 . Consequently, a n + k · a n ≤ b, so, a n + k · a n = a n ⊕ k · a n for each n ∈ N , n ≥ n 0 . We have (k + 1) · a n = a n ⊕ k · a n = a n + k · a n = a n + ka n = (k + 1)a n for each n ∈ N , n ≥ n 0 , and the relation (1) holds.
Then, ka n = k·a n ≤ b−a n , for each n ∈ N , n ≥ n 0 . Hence, (i) is satisfied.
ÓÖÓÐÐ ÖÝ 2.9º Let (a n ) be a sequence in A, a ∈ A and b ∈ A(A). Then the following conditions are equivalent:
In the rest of this section, M will be assumed to be a nonempty subset of A(A) closed with respect to the operation ⊕.
Ò Ø ÓÒ 2.11º Let (a n ) be a sequence in A and a ∈ A. We say that the
To avoid misunderstanding, the convergence in A will be denoted also by
If A is archimedean and M = A, then we say that a sequence (a n ) in A relatively uniformly converges (ru-converges, for short) to an element a ∈ A, if a n → α(M ) a.
Ì ÓÖ Ñ 2.12º Let (a n ), (a n ) be sequences in A and a, a ∈ A. If a n → α(M ) a and a n → α(M ) a , then 
We have
(ii) The hypothesis yields that there are b 1 , b 2 ∈ M with a n b 1
→ α a and a n b 2 → α a . Let b be an element from M as in (i). Using the procedure from (i),
we obtain a n b → β a and a n b → β a . Then, a n ∨ a n b → β a ∨ a (for the proof, cf. [5] ). The sequence (a n ∨ a n ) is in A and a ∨ a ∈ A. Corollary 2.9 yields a n ∨ a n b → α a ∨ a and (ii) holds. (iii) The proof is dual to that of (ii).
(iv) and (v) are easy to verify. Let us proceed similarly as in Section 2.
Assuming that M 1 , M 2 ∈ S(A), we define the binary relation ≤ on s(A) by putting α(M 1 ) ≤ α(M 2 ) if for each sequence (a n ) in A and a ∈ A, the relation a n → α(M 1 ) a implies a n → α(M 2 ) a. Then ≤ is a partial order on the set s(A).
Analogously as we did in lattice ordered groups, in M V -algebras we will consider wru-convergence without the assumption that the set of regulators is closed with respect to the operation ⊕; i.e., we apply the following definition.
Ò Ø ÓÒ 3.1º Let M be a nonempty subset of A(A), (a n ) a sequence in A and a ∈ A. We say that the sequence (a n ) α 0 (M )-converges to a, written
Assume
that ∅ = M ⊆ A(A). Let us form the set M of all elements b ∈ A(A)
such that for each sequence (a n ) in A and a ∈ A, the relation a n
Taking into account Corollary 2.9 and the fact that
a, then a n → β 0 (M ) a.
Š TEFANČERNÁK -JÁN JAKUBÍK
An open question remains whether the converse assertion is valid. Let ∅ = M ⊆ A(A). We remark that Theorem 2.12 is valid also for α 0 (M )-convergence. The proof of this assertion is similar to the proof of Theorem 2.12.
We will apply the notion of a divisible M V -algebra. The M V -algebra A is called divisible (cf. [15] ) if for each b ∈ A with b = 0 and each n ∈ N there exists a ∈ A such that
Ä ÑÑ 3.3º (cf. [15]) A is divisible if and only if G is divisible.
Remark that if A is assumed to satisfy only the condition (i 1 ) then G need not be divisible (cf. [15] ).
In 3.4-3.10 we suppose that A is a divisible M V -algebra.
ÈÖÓÔÓ× Ø ÓÒ 3.4º Let ∅ = M ⊆ A(A). Then M is closed with respect to the operation ⊕.
Assume that (a n ) is a sequence in A, a ∈ A and a n b → α a. We have to show that a n → α 0 (M ) a. By Corollary 2.9, a n b → β a. Then c n = |a n − a| is a sequence in A and c n b → β 0. Thus for each k ∈ N there exists n 0 ∈ N such that kc n ≤ b whenever n ∈ N , n ≥ n 0 . According to Lemma 3.3, G is divisible. Then
Using Riesz decomposition property for G, we get
for each n ∈ N , n ≥ n 0 , i.e., c The proof is simple, it will be omitted.
Our purpose is to prove that 
Ä ÑÑ 3.8º Let ∅ = M ⊆ A(A). Then M = M ∩ A.

P r o o f. In view of Lemma 3.6, M ⊆ M ∩ A. Conversely, let b ∈ M ∩ A. Then b ∈ A(A).
In order to prove that b ∈ M , assume that (a n ) is a sequence in A, a ∈ A and a n b → α a. By Corollary 2.9, a n b → β a. Let k ∈ N . Then, there exists
From b ∈ M and a n b → β a, we infer that a n → β 0 (M ) a. Then, there exist
If n 0 = max(n 1 , n 2 ), then, for each n ∈ N, n ≥ n 0 , we get k|a n − a|
we have b ∈ A(A) and a n b → β a. By Corollary 2.9, a n b → α a. Consequently, a n → α 0 (M ) a. Thus b ∈ M . For proving that f is corretly defined, suppose that M 1 and M 2 are nonempty subsets of A(A) and α 0 (M 1 ) = α 0 (M 2 ) is satisfied. With respect to (1),
If the same arguments are applied, we get that f preserves the partial order ≤ from s(A).
Therefore the mapping f is injective and the proof is complete.
Let us return to the results of the paper [3] in Theorem 3.3. Essential part of Theorem 3.3 is the following assertion:
there exists a one-to-one correspondence between the system of all M V -convergences on A and the system of all luconvergences on G.
It is evident that neither the above Theorem 3.9 is a corollary of [3: Theorem 3.3] nor [3: Theorem 3.3] is a corollary of Theorem 3.9.
Ì ÓÖ Ñ 3.10º The set s(A) is a complete Brouwerian lattice. If I is a nonempty set and M i ∈ S(A) for each
P r o o f. According to Theorem 1.8, s(G) is a complete Browerian lattice. Analogously as in [7] , we can prove that also s(A) is a complete lattice and that the relations (2) are satisfied.
WEAK RELATIVELY UNIFORM CONVERGENCES ON MV-ALGEBRAS
The sets
Then the relation (2) can be written in the form
It remains to prove that the lattice s(A) is Brouwerian. A slightly modified procedure from [7] will be applied.
We suppose that M and M i are elements of S(A) for each i ∈ I. We have to prove the relation
According to (3), we get
It is sufficient to verify the validity of the relation
Assume that (a n ) is a sequence in A, a ∈ A and a n →
Then a n → α 0 (M ) a and a n → 
obtain a n b 0 → β a and by Corollary 2.9, a n b 0
Atoms and dual atoms in s(A)
In view of Theorem 3.10, the lattice s(A) has the least element and the greatest element; these will be denoted by α 0 and α 1 , respectively.
The notion of atom of s(A) is defined in the usual way. Analogously, an element α of s(A) is defined to be a dual atom if α < α 1 and if there does not exist any element α in s(A) with α < α < α 1 .
If y ∈ A(A) and M = {n·y} n∈N , then instead of α(A, M ) we will write simply α(A, y).
Our aim is to prove the following results. We need some lemmas.
Ì ÓÖ Ñ 4.1º Assume that the M V -algebra A is archimedean and divisible. Let α ∈ s(A). Then the following conditions are equivalent:
(i) α is
Ä ÑÑ 4.3º Let α be an atom of s(A). Then there is y ∈ A(A) such that α = α(A, y).
P r o o f. There exists M ⊆ A(A) such that α = α(A, M ).
Since α > α 0 , there exists a sequence (t n ) in A such that 0 < t n for each n ∈ N and t n → α 0; having in mind this relation, we conclude that there exists y ∈ M such that y is the corresponding regulator. Then we also have t n → α(A,y) 0, whence α 0 < α(A, y). Since y ∈ M , we get α(A, y) α. From this and from the fact that α is an atom of s(A), we conclude that α = α(A, y).
The following assertion is easy to verify. 
In Lemmas 4.5 and 4.6, we assume that A is an M V -algebra which is archimedean and divisible. We also suppose that A = {0}.
Ä ÑÑ 4.5º
The relation {0} = {0} is valid.
We apply the fact that A is divisible; we put a n = Sketch of the proof. First, we show that a n y → α 0 if and only if a n → α(A,y) 0 for each sequence (a n ) in A 1 and each element y of A 1 . Further, we verify that if A 1 is linearly ordered then G is linearly ordered, too. Indeed, if G is not linearly ordered then there are 0 < x, y ∈ G with the property x ∧ y = 0. The relation g ∧ u > 0 is valid for each 0 < g ∈ G. By using these results we obtain that A 1 fails to be linearly ordered.
According to [14] , we have: 
According to Lemma 4.4 and in view of (2) we get
Further, we have 0 < y < y, hence y ∈ C and so, Lemma 4.9 yields α(A, y ) = α(A, y). Further, we have
again, we arrived at a contradiction. This completes the proof.
In view of Lemma 4.6 and Lemma 4.10, Theorem 4.1 is valid. Let us apply the assumptions and the notation as in Proposition 4.8. For each element a of A we put 
If y 1 (C ) = 0, then y 1 = y 1 (D) ∈ y ⊥ and we arrived at a contradiction. Thus, y 1 (C ) > 0.
Our aim is to prove that α = α 1 . Clearly, α 1 = α(A, u). Let (t n ) n∈N be a sequence in A such that t n → α(A,u) 0. For any element a of A, we denote its components in C and in D by a 1 and a 2 , respectively. Then we have From the second relation of ( * ), we infer that t 
